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I. In t roduct ion  

Ocean c i r c u l a t i o n  can be thought of a s  being forced almost e n t i r e l y  by 

heat ing and cooling,  whether d i r e c t l y ,  a s  a  r e s u l t  of heat  t r a n s f e r  across  t h e  

ocean surface ,  o r  i n d i r e c t l y  by the  winds which a r i s e  from heat ing  and coo l ing  

of the  atmosphere. In t h i s  paper we w i l l  be mainly in te res ted  i n  extremely 

ideal ized  c i r c u l a t i o n  produced d i r e c t l y  by cooling and heat ing.  Many s impl i-  

f i c a t i o n s  a r e  made with respect  to the  flow, the  basin geometry and the  type  

of forcing but  i t  i s  hoped tha t  ins igh t  w i l l  be gained i n t o  the c i r c u l a t i o n  i n  

regions where cooling and heat ing a re  p a r t i c u l a r l y  important.  We s p e c i f i c a l l y  

have in  mind the c i r c u l a t i o n  of the  northern North At lan t i c ,  the  Norwegian- 

Greenland Sea and t o  a  l e s s e r  e x t e n t ,  t he  Labrador Sea. The Norwegian-- 

Greenland Sea i s  p a r t i c u l a r l y  wel l  known a s  the source of the  cold s a l i n e  

Bottom Water which en te r s  the North At lan t i c  i n  deep western boundary c u r r e n t s  

and which contr ibutes  i t s  c h a r a c t e r i s t i c s  t o  the North A t l a n t i c  Deep Water. 

Bottom Water i s  formed i n  the  la rge  cyclonic gyre occupying t h e  Greenland Sea 

from inflowing At lan t i c  Water (Carmack and Aagaard, 1973) which e n t e r s  the  

Norwegian Sea as the broad northward Norwegian Current.  It subsequently 

appears t o  become more topographically cont ro l led  as i t  strengthens on the  

eas te rn  f l ank  of the Jan Mayen Ridge, flows through the  gap i n  the  Eas t  Jan 

Mayen Ridge and then along the eas te rn  s i d e  of the Greenland Basin where i t  

forms the eas te rn  s i d e  of the  cyclonic Greenland Sea gyre ( ~ e t c a l f ,  1960). 

To some ex ten t ,  t he re  i s  a  s imi la r  process i n  the Labrador Sea, al though 

the  dense water which is formed the re  i s  an Intermediate Water r a the r  than 



Bottom Water. There a l s o ,  a  cyc lon ic  gyre is  the  scene of p roduct ion  of dense 

wa te r ,  f ue l ed  by t h e  in f low of A t l a n t i c  Water i n  t he  West Greenland Cur ren t  

and co lder  f r e s h e r  water from the nor th .  

The model discussed here  is  a  s t eady  ex tens ion  of t h e  time dependent two- 

l aye r  model i nves t i ga t ed  a n a l y t i c a l l y  and numerical ly  by G i l l  (1979b) and the  

time dependent axisymmetric model of G i l l  e t .  a l .  (1979). It is  a  s t e a d y  two- 

l a y e r  model, intended f o r  i n s t ance  t o  model t he  upper A t l a n t i c  Water and deep 

Bottom Water of t h e  Norwegian-Greenland Sea, i n  which coo l ing  i s  in t roduced  a s  

s imple  mass and momentum t r a n s f e r  from a  l aye r  of dens i ty  /3, , t o  a  l a y e r  of 

dens i ty  
Pz 

. We w i l l  not concern ourse lves  w i th  t he  a c t u a l  mechanism f o r  

product ion of denser water ,  but  r a t h e r  with the  r e s u l t i n g  c i r c u l a t i o n .  Steady 

l i n e a r  s o l u t i o n s  f o r  the  b a r o c l i n i c  mode w i l l  be sought f o r  va r ious  types  of 

d i s t r i b u t e d  t r a n s f e r  i n  a  mer id iona l  channel and then f o r  p o i n t  t r a n s f  e r  i n  a  

h o r i z o n t a l l y  i n f i n i t e  ocean, on t h e  f  and p lanes ,  motivated by t h e  appar- 

e n t  presence of l a r g e  s c a l e  d e n s i t y  c u r r e n t s  and l o c a l i z e d  Bottom Water forma- 

t i o n  i n  t h e  Norwegian-Greenland Sea. The e f f e c t s  of bottom f r i c t i o n  and 

topography a r e  no t  included.  

Formulation i n  terms of a two- layer model i s  Largely mot iva ted  by t h e  

apparent  two component n a t u r e  of t h e  Norwegian-Greenland Sea c i r c u l a t i o n .  We 

undoubtedly l o s e  some informat ion  about t h e  v e r t i c a l  s t r u c t u r e  of the  f low bu t  

can,  neve r the l e s s ,  s ee  t h e  broad o u t l i n e s  of t h e  forced  s o l u t i o n .  

We w i l l  s e e  t h a t  i n c l u s i o n  of d i f f u s i o n  i n  a  s teady  two- layer model imp l i e s  

t h e  p o s s i b i l i t y  of e a s t e r n  boundary l a y e r s  i n  bo th  f  and /3 plane  s t eady  

ocean c i r c u l a t i o n  models. 

11. Equat ions 

The two- layer system i s  i l l u s t r a t e d  i n  F i g .  1. hl i s  t h e  v a r i a b l e  h e i g h t  

o f  t he  upper l a y e r ,  H i t s  r e s t  va lue  and h  = H - hl= h2 t h e  h e i g h t  of 2 1 



1 the interface above its resting value h = 0 .  
P1 

i s  the density of the upper 

layer,  pl i t s  pressure and p the value o f  the pressure at the r i g i d  l i d .  The 

depth integrated equations of motion and continuity for the 

two layers are: 

'Du, - - px f I%> - ~t - fvI - A - e , [ u , -  u2> + 

Dv, - Dt . t- 4% = - B - c:(~,  - v,) + ~ ' 3 '  
Po 

p1 = p + p l g w l  + Hz - z'l 

+ ii, (u,, + v,,) = - Q + e:h iz 

3, - Cv* = 
pt 

- _ rx - j t h x  - e p  (uz- u,) 
p. 

='v, - r Cu, = - 2  - j/h3 - € ~ ( v z - v , ~  
Dt 

Po 

p,= p + ~ , Y ( H , +  h - 2 )  + r , g I L f , - h )  

- + H,Lu,, + vyj) = Q - L:C 
Dt. 

J 

F i g .  1 .  Two-Layer Geometry. 



We make the  Boussinesq approximation and have already included hydros ta t ics  i n  

wri t ing  the  x and y momentum equations where f= p*.. Q i s  the  mass 
Po 

t r a n s f e r  from the top t o  bottom layer ,  6 ;  the  coef f i c ien t  of momentum 

t rans fe r  and e: the coef f i c ien t  of d i f fus ion.  We have a l s o  included wind 

s t r e s s  although, i n  the  absence of bottom f r i c t i o n ,  the  barot ropic  component 

of the  flow can never be steady. The term ~ f h  i s  absolutely c r u c i a l  f o r  ' t he  

existence of steady solut ions  i n  the presence of a  nonzero mass t r a n s f e r  Q 

s ince continual  t r ans fe r  without damping would imply continual  spinup. One 

way of obtaining di f fus ion terms of t h i s  form i s  by using a normal mode analy- 

s i s .  I f  the  buoyancy frequency N i s  constant ,  the  va r ia t ions  i n  the v e r t i c a l  

a re  s inusoidal  with a  f ixed wave number m f o r  each mode. Thus the  operator  

a_ 3' 
a t  - K -  

a t* 
can be replaced by 

f o r  t h i s  p a r t i c u l a r  mode, and t h e  l a t t e r  operator  i s  the  one used here.  The 

2 coef f i c ien t  Km v a r i e s  from mode t o  mode, but here only one i s  considered. 

The same method can be used i f  N is not constant ,  but only i f  the  d i f fus ion  

coef f i c ien t  va r ies  with height i n  a  s u i t a b l e  manner. 

We look f o r  steady and l i n e a r  solut ions .  The appropr ia te  s c a l i n g  f o r  the  

problem i s  

where &If?! and H = ' HUH= 
W ,  + '41 



m The r e s u l t i n g  nondimensional equat ions a re  

€ * where El = 2 and ~h . 
E 2 =  7 f 

( I f  t he  primary d r iv ing  force  were the wind, v e l o c i t y  would be sca l ed  accor- 

ding t o  wind s t r e s s  T and not mass t r a n s f e r  Q,). 
0 

We would l i k e  t o  look sepa ra t e ly  at  the  b a r o c l i n i c  and b a r o t r o p i c  flows 

and t h e r e f o r e  form the sum and d i f f e r e n c e  equat ions with ij = y 
1 + 52 

and 

. 
and 

I f  we now introduce a  stream func t ion  V' f o r  t he  b a r o c l i n i c  s o l u t i o n  which i s  



geos t roph ic  t a  lowest order  ( Y ( " =  h ) ,  and a r b i t r a r i l y  assume t h a t  2E = 
1 

E2 = €, t k e  b a r o c l i n i c  v o r t i c i t y  equa t ion  i s  approximately 

(zF - 6 0 t h  + p h ,  - 6 h  = - a .  - (2.5) 
f Q, 

The boundary condi t ions  a r e  f o r  no normal flow through any b a r r i e r s ,  t h a t  

i s  

il = - h , -  € 3  = o a t  meridional  b a r r i e r s  (2.6) 

= h , + 6 h  = Q  a t  z o n a l ' b a r r i e r s  

( I n  g e n e r a l ,  the  apparen t ly  more r igorous  condi t ions  u = u = 0 o r  v = 
1 2 1 

v = 0 w i l l  be met by s o l u t i o n s  wi th  boundary condi t ions  (2.6)  a s  l ong  a s  no 
2 

e x t r a  cond i t i ons  a re  put on the  f low.)  

111. Meridional ly  Uniform Flow 

i )  f plane,  5 = 0 

We w i l l  begin w i t h  the  s imp le s t  pos s ib l e  case:  s t eady ,  m e r i d i o n a l l y  

uniform f o r c i n g  of t he  form Q(x) on t h e  f  plane with no wind s t r e s s ,  i n  a  

channel of width 2L centered  a t  x = 0. The f  p lane ,  y independent  v o r t i c i t y  

equa t ion  which must be s a t i s f i e d  i s  

& ( h  - h) = -Q 
XX 

(3. l a )  

sub j ec t  t o  t he  boundary cond i t i ons  u = - E ~ ~ S D  at x . t _L  

The s imp le s t  subcase of t h i s  i s  uniform s ink ing  everywhere, Q = A . The 

equa l ly  s imple r e s u l t  i s  t h a t  



I n  other  words, the  upward motion of the i n t e r f a c e  due to  uniform sinking 
rn 

everywhere i s  balanced by upward d i f fus ion  everywhere. There a r e  no veloci-  

t i e s  associa ted  with t h i s  displacement. 

I f  we allow fo r  x v a r i a t i o n  i n  the forc ing s o  t h a t  Q = Ax, t h e  p r inc ip le  

balance i n  the i n t e r i o r  is s t i l l  between forc ing and d i f fus ion  ( the  p a r t i c u l a r  

Ax s o l u t i o n  t o  (2.5) i s  \.I=- ) . However, because the i n t e r f a c e  i s  now t i l t e d ,  e 
meridional geostrophic v e l o c i t i e s  a re  generated which have zonal 0 ( € )  veloci-  

t i e s  associa ted  with them. The r e s u l t i n g  so lu t ion  which s a t i s f i e s  the no nor- 

- mal flow boundary condit ions a t  x = + L i s  

which is the  i n t e r i o r  p a r t i c u l a r  so lu t ion  correc ted  with boundary l a y e r s  a t  

the  two wal ls .  I n  the  neighborhood of the wall  x = L, t h e  s o l u t i o n  ( 3 . 3 )  i s  

A of the  form L, = - ( %  - with an exponential  boundary layer  co r rec t ion .  
5 ,  w 

The dimensional width of the boundary l aye r s  i s  the Rossby rad ius  R = 7 
I f  we had re ta ined  the  separa te  f r i c t i o n  and d i f fus ion  parameters 2G1 and 

c2 from 2.&b), the  dimensional boundary l aye r  width would be . 
AS the " f r i c t ion"  2E1 i s  increased the boundary layer  width inc reases ,  and 

'I as "diffusion"  i s  increased,  the  boundary layer  width decreases.  

I The boundary l aye r s  r e s u l t  from the  deformation of the  i n t e r f a c e  a t  the  

wal l  caused by the  nonzero zonal v e l o c i t i e s  i n  the i n t e r i o r .  As the  i n t e r f a c e  

is pushed up or  down, geostrophic boundary cur ren t s  a re  crea ted  which i n  turn 

have O ( E )  zonal v e l o c i t i e s  associa ted  with them which oppose the  i n t e r i o r  zonal 



flow. A balance i s  achieved i n  the boundary layer where the up or  downwelling 

caused by i n t e r i o r  zonal ve loc i t i e s  i s  exactly balanced by d i f fus ion .  

A schematic diagram of t h i s  flow i s  shown i n  Fig. 2 where the v e l o c i t i e s  

associated with the two par ts  of the solut ion are shown separa te ly .  

a 
i t -  .F - d l ? , & -  

Fig. 2. Cross se t ion  of the flow associated with the 
sink Q = Ax, f plane. The upper row of v e l o c i t i e s  
in each layer are  the ve loc i t i e s  associated with 
the  i n t e r i o r  solut ion while the  lower row of veloci-  
t i e s  a re  associated with the boundary correct ion.  

I f  w e  go to  more complicated y independent forcing of the flow, the only 

add i t iona l  r e su l t  i s  tha t  the i n t e r i o r  flow gains r e l a t i v e  v o r t i c i t y  i n  addi- 

t ion  to  an in te r face  displacement. The boundary layer s t r uc tu r e  remains the  

same. An example of t h i s  i s  the flow due t o  the t rans fe r  Q = Asin kx which 

has the  f u l l  solut ion 

h = t i a L  x 
sis  kr - COS k. L - 

i( 1 + L*) Cash L 



The i n t e r i o r  so lu t ion  thus  has both r e l a t i v e  v o r t i c i t y  a s  w e l l  as an i n t e r f a c e  

displacement while  the boundary co r rec t ion  i s  s t i l l  the f a m i l i a r  exponent ia l  

co r rec t ion .  

(One f u r t h e r  note i s  t h a t  Q = Asinhx causes a  resonant response which no 

amount o f  damping can cause t o  be s teady. )  

( i i )  f plane,  Q = 0 

I f  a north- south wind blows through the channel an a d d i t i o n a l  component 

of zonal  v e l o c i t y  i s  induced, namely, the Ekman f lux  a t  r i g h t  angles  t o  t h e  

wind. It i s  not  s t r i c t l y  c o r r e c t  t o  include the  wind i n  t h i s  model s i n c e  t h e r e  

is no bottom f r i c t i o n  t o  damp out  t h e  ba ro t rop ic  component of wind induced 

s t r e s s  without  fu r the r  damping. Because a  nonzero Ekman f l u x  can a r i s e  from a  

uniform wind, we ge t  i n t e r i o r  O(E) v e l o c i t i e s  f o r  0(1) boundary c u r r e n t s  with-  

n 
ou t  i n t e r i o r  i n t e r f a c e  displacement.  I f ,  f o r  ins tance ,  2 = jT , t h e  f u l l  

0 

s o l u t i o n  i s  - 

i n  which the  zonal v e l o c i t y  = -T i s  compensated by boundary c u r r e n t s  i n  
0 



both s i d e s .   he equat ions  have been resca led  w i th  K = L' 9 ) 
fa  I-I 

i i i )  p plane 

Inc lus ion  of v a r i a t i o n s  of t h e  C o r i o l i s  parameter a l lows  f o r  t h e  pos- 

s i b i l i t y  of d i f f e r e n t  v o r t i c i t y  ba lances ,  a s  is w e l l  known i n  s t u d i e s  o f  

s t eady  ocean c i r c u l a t i o n  where i n t e r i o r  change i n  p l ane t a ry  v o r t i c i t y  occurs  

more r e a d i l y  than i n t e r i o r  change i n  r e l a t i v e  v o r t i c i t y  . I n c l u s i o n  o f  v o r t e x  

s t r e t c h i n g  i n  s teady  plane ocean c i r c u l a t i o n  models can modify boundary 

l a y e r  and poss ib ly  i n t e r i o r  ba lances ,  depending on t h e  magnitude of t h e  d i f -  

fus ion  r e l a t i v e  t o  t he  /J e f f e c t .  

The v o r t i c i t y  equa t ion  (2.5) i s  a  s teady  s ta tement  of  t h e  p o t e n t i a l  vor-  

t i c i t y  equa t ion  

where we al low f o r  d i f f u s i o n  i n  a d d i t i o n  t o  f r i c t i o n a l  d i s s i p a t i o n .  We can  

f i n d  s o l u t i o n s  t o  (2.5) d i r e c t l y  from the  equa t ion  and boundary c o n d i t i o n s  o r  

use  t he  Longuet-Higgins t ransformat ion  t o  g e t  us back t o  a n  f  p lane  t ype  

equatio#which has a l r eady  been solved f o r  va r ious  t r a n s f e r s  Q. That i s ,  

YX P l e t t i n g  h(x,y)  = V ( x , y ) e  where K =  --  equat ion  (2.5) (wi thout  
26 

wind s t r e s s )  becomes 

Q;W - ( K ' +  ~ \ c p  = - Q e e K X  ( 3 . 7 )  
E 

Uniform fo rc ing  Q = A y i e l d s  t h e  same s o l u t i o n  a s  on t h e  f plane ,  h = A  . 
e 

The balance i s  s t i l l  pu re ly  between t h e  i npu t  o f  v o r t i c i t y  by t h e  source- sink 



and d i f f u s i o n .  Linear  f o r c i n g  Q = Ax impl ies  a  s l i g h t l y  d i f f e r e n t  p a r t i c u l a r  

s o l u t i o n  

h, = t i .  t 4) 
which i s  the  l i n e a r  £-plane s o l u t i o n  s h i f t e d  t o  the  west by t h e  a e f f e c t .  

Using ( 3 . 7 )  t o  o b t a i n  a  f u l l  s o l u t i o n  we f i n d  t h a t  

C lea r ly ,  on t h e  P plane i t  makes more sense  t o  look a t  approximate s o l u t i o n s  

i n  var ious  reg ions  of the  bas in  r a t h e r  than  so lv ing  the  problem e x a c t l y .  

The genera l  s o l u t i o n  from which (3 .8)  was obtained i s  

Even without  so lv ing  e x p l i c i t l y  f o r  c  and c  we can s e e  t h a t  near  an 1 2 '  

e a s t e r n  boundary, t he  dominant f i r s t  term w i l l  y i e l d  a  boundary l a y e r  wid th  of 

which i s  l a r g e r  than the  boundary l a y e r  width near  a  western boundary, 

-2 F E 
The term e  skews t h e  e n t i r e  s o l u t i o n  t o  t h e  west. For - << 1 , t h e  x 

B 

dependence of the e a s t e r n  and western boundary l a y e r  i s  approximately e" and 

- + x  
e  r e s p e c t i v e l y ,  i l l u s t r a t i n g  even more simply t he  s h i f t  t o  t h e  wes t .  

On t h e  f p lane ,  t h e  v o r t i c i t y  ba lance  i n  bo th  t h e  i n t e r i o r  and boundary 

reg ions  i nc ludes  r e l a t i v e  v o r t i c i t y ,  d i f f u s i o n  and f o r c i n g ,  i . e .  a l l  of t h e  



terms a v a i l a b l e ,  except  i n  the  case  of e s p e c i a l l y  s imple fo rc ing .  On t h e  15 - 
plane ,  t h e  e x t r a  p l ane t a ry  v o r t i c i t y  term has t h e  e f f e c t  of a l lowing d i f f e r e n t  

balances i n  d i f f e r e n t  p a r t s  of the bas in .  I f  t he  i n t e r f a c e  h e i g h t  v a r i e s  

X 
slowly wi th  x ,  such t h a t  x  = 7 , the  v o r t i c i t y  equa t ion  ( 2 . 5 )  becomes 

s o  the  dominant balance i s  c l e a r l y  

whose s o l u t i o n  corresponds t o  a  broad e a s t e r n  boundary l a y e r ,  dominated by 

changes i n  p l a n e t a r y  v o r t i c i t y  and v o r t e x  s t r e t c h i n g .  

If p 7>> € ( 2 . 5 )  becomes 

k h, = -Q (3.11) 

which is  the  c l a s s i c a l  Sverdrup balance.  D i f fu s ion  i s  not a t  all impor tan t  

here and w i l l  a l s o  not be important  i n  t he  wes te rn  boundary l a y e r .  The 

Sverdrup ba lance  can perhaps be thought of a s  a  l i m i t i n g  ca se  of t h e  e a s t e r n  

boundary l a y e r  from (3.10).  

I n  reg ions  where the  i n t e r f a c e  he igh t  v a r i e s  r a p i d l y  w i t h  x, such t h a t  x  = 

E X ,  t h e  v o r t i c i t y  equa t ion  (2.5) bcomes 

hxx + (4 h, = 0 (3.12) 

whose s o l u t i o n s  correspond t o  a  narrow wes te rn  boundary l a y e r ,  dominated by 

changes i n  r e l a t i v e  and p l a n e t a r y  v o r t i c i t y .  

Thus, wi th  t h e  term we can match s o l u t i o n s  i n  va r ious  r eg ions  i n  

a d d i t i o n  t o  t r y i n g  t o  so lve  t h e  problem exac t ly .  For example, t h e  problem 

solved e x a c t l y  above wi th  Q = Ax can be solved approximately w i t h  (3.10) and 

(3.12) and found t o  be 



6 
a s u b s t a n t i a l  s i m p l i f i c a t i o n  of ( 3 . 8 )  f o r  - 1 P 

On both t h e  f and P planes we see  t h a t  e a s t e r n  and western boundary 

l a y e r s  occur whenever t h e  i n t e r i o r  zonal v e l o c i t y  is  nonzero, whether i t  i s  

forced  d i r e c t l y  as an Ekman f l u x  by the  wind o r  more i n d i r e c t l y  a s  a r e s u l t  of 

t h e  geos t rop i c  flow due t o  divergences c r ea t ed  by mass t r a n s f e r  o r  wind s t r e s s  

c u r l .  Steady s o l u t i o n s  w i th  t h i s  boundary l a y e r  s t r u c t u r e  a r e  p o s s i b l e  on ly  

because of t h e  d i f f u s i o n  term ~h which allows a  damped form of v o r t e x  s t r e t c h-  

i n g  t o  occur i n  s teady  flow. 

With t he  s t r u c t u r e  of so lu t ions  on the  f  and P planes f o r  mer id iona l ly  

uniform flow i n  mind, we move t o  f o r c i n g  which may vary w i t h  l a t i t u d e .  

I V .  Zonal ly  Uniform Forcing i n  a  Meridional  Channel 

What is t h e  r e s u l t  of cool ing  which v a r i e s  w i t h  l a t i t u d e ?  A s  a  s imple 

ca se ,  we w i l l  cons ider  cool ing  which i s  uniform and p o s i t i v e  ( t r a n s f e r  t o  t h e  

lower l a y e r )  i n  a nor thern  bas in  and ze ro  t o  t h e  south  with a  t r a n s i t i o n  r e g i o n  

1 
between which i s  wider than the  Rossby r a d i u s  but  not a s  wide a s  . (we 

could equa l ly  w e l l  choose any uniform va lue  f o r  t h e  two ha lves  of t h e  bas in . )  

We have i n  mind an enclosed sea l i k e  the  Norwegian Sea but  make the  s i m p l i f i c a -  

i. t i o n s  t h a t  a )  t h e  b a s i n  l eng th  i s  g r e a t e r  than  -- and b )  cu rva tu re  of t h e  
E 

b a s i n  occurs on a s c a l e  l a r g e r  than the  Rossby r ad ius .  

The geometry we a r e  cons ider ing  is  i l l u s t r a t e d  i n  Fig.  3. For s i m p l i c i t y  

we w i l l  assume t h a t  Q = A f o r  y  > 0, Q = 0 f o r  y < -M and Q = A(1 -+ y) i n  
M 

t h e  t r a n s i t i o n  region.  This  w i l l  n e c e s s a r i l y  l e a d  t o  d i s c o n t i n u i t y  i n  t h e  

zona l  v e l o c i t y  a t  y  = 0, -M but  i s  s imple t o  so lve ,  and has  the  e s s e n t i a l  fea-  

t u r e s  of a  s o l u t i o n  wi th  smoother f o r c i n g .  

The v o r t i c i  t y  equat ion becomes 

b ( h , t  h - h = - Q  ( 4 .  l a )  



sub jec t  t o  the  boundary condit ions 

u = - h y -  c;h = 0 at ,= +_ L X 

h = O  a t  y = - M  

h continuous a t  y = 0 

W e  consider the  so lu t ion  i n  th ree  stages:  i )  so lu t ion  fo r  -M ( y i 0 wi th  no x 

dependence, i i )  so lu t ion  near x = f L with l a rge  s c a l e  v a r i a t i o n  i n  y and i i i )  

matching the so lu t ions  i n  the corner near x = L, y = 0. It w i l l  be seen t h a t  

v a r i a t i o n  i n  forcing Q with l a t i t u d e  allows Kelvin wave-like d is turbances  t o  

be found f a r  t o  the nor th  i n  the region of uniform Q which would otherwise be 

undisturbed. Thus we may i n  some way be ab le  t o  model a  more global  fo rc ing  

of the e a s t e r n  boundary current  i n  the  Norwegian Sea than w e  could otherwise 

ob ta in  with l o c a l  winds and forc ing.  

i) The so lu t ion  f o r  -M ( y c 0 wi th  5 = 0 i s  j u s t  the  p a r t i c u l a r  solu- 
2% 

which has a  zonal geostrophic v e l o c i t y  u = - A and meridional  Elanan v e l o c i t y  
EM 

A = - ~ h  =- -  associa ted  with i t .  Thus fo r  A > 0, t h e r e  i s  an eastward (and Y PI 

northward) dens i ty  cu r ren t  i n  the  upper layer  and the  opposi te  i n  t h e  lower 

layer .  

i i )  I n  the  regions where Q = A and Cj = 0 ,  we s t r e t c h  the  y coordinate  by E 

Y so t h a t  y = 7 . The v o r t i c i t y  equation ( 4 . l a )  i s  then approximately (to O(E)  

hxx - h = - Q - 
e 

sub jec t  t o  the  boundary condit ions 

6 - € ( h l  + hX) = o a t  x = I. 



L e t t i n g  

t h e  only s o l u t i o n  which decays away t o  t h e  n o r t h ,  where Q = A ,  i s  

and l i kewi se ,  t h e  s o l u t i o n  which decays away t o  t h e  south ,  where Q = 0 , i s  

i f  t h e r e  were a wal l  t o  t h e  south a t  x = -L. These correspond t o  boundary 

Ro l a y e r s  wi th  wid th  equal t o  the  Rossby r ad ius  Ro and l eng th  of , decay- 

i n g  away from the  reg ion  of vary ing  Q. Consider ing only t h e  s o l u t i o n  t o  t h e  

no r th ,  t h e  cons tan t  cl can be determined by matching t r a n s p o r t s  i n  t h e  boun- 

dary l a y e r  a t  y  = 0 wi th  t h e  eastward t r a n s p o r t  i n  -M < y < o. We thus  o b t a i n  

f o r  t h e  boundary l aye r  decaying away t o  t he  north.  

i i i )  I n  t h e  corner  near  y  = 0 ,  x  = L, t h e  v o r t i c i t y  equa t ion  i s  

hxh + hru - h =  - d ( l + $ )  € 

s u b j e c t  t o  t h e  boundary cond i t i on  

A u = - h  = O  a t x = L  
Y 

h = O  a t  y  = -M 

h = A (1-e x-L ) a t  y = O  
€ 

The v o r t i c i t y  equa t ion  is sepa rab l e  and t h e  s o l u t i o n  which f i t s  t he  boundary 

condi t ions  i s  

A h =  - ( 1  q 1  - e F - L )  
E M 



The f u l l  s o l u t i o n  for  the  basin i s  

We note p a r t i c u l a r l y  t h a t  the  zonal ve loc i ty  is  i d e n t i c a l l y  zero  f o r  y  7 0 

( a  c h a r a c t e r i s t i c  of a  Kelvin wave) and tha t  there  i s  a  nonzero geostrophic 

meridional v e l o c i t y  along the eas te rn  coast  fo r  y ? 0 which i s  s o l e l y  due t o  

the  v a r i a t i o n  i n  Q from - M < y  < 0. The upper layer  v e l o c i t i e s  associa ted  

with the  i n t e r f  ace displacement ( 4 . 5 )  a re  shown schematical ly i n  Fig. 3. 

F i g .  3. Geometry and v e l o c i t i e s  when Q = Q(y): s p e c i f i c a l l y ,  
Q = A f o r  y  > 0 ,  Q = A(1 .t y) f o r  -Mc y  4 0 and Q = 0 
f o r  y  < -M. M 

It appears then t h a t  the  steady s ignature  of the Kelvin wave, which would 

a r i s e  i n  the  time dependent case and t r a v e l  up the  eas te rn  coast  t o  the  nor th ,  

i s  a  boundary current  which eventual ly  damps out t o  the north due t o  f r i c-  

t ion .  Theref ore ,  even i n  a  region where v a r i a t i o n  i n  fo rc ing  is  too weak t o  

provoke a  flow, the re  can be flow due t o  v a r i a t i o n  i n  the  fo rc ing  elsewhere 



( i f  v a r i a t i o n  is  on a sca le  l e s s  than - 1) .  The mechanism i s  q u i t e  simple: t h e  
€ 

eastward flowing dens i ty  cu r ren t  (upper layer)  reaches the wall  and causes a 

downward displacement of the i n t e r f a c e  which eventual ly reaches a d i f f u s i v e  

equil ibrium. Geostrophic v e l o c i t i e s  to  the  north (upper l aye r )  along the  

boundary r e s u l t  and damp out on the f r i c t i o n a l  sca le  - 1. (The Ekman ve loc i ty  
E 

associa ted  with the geostrophic ve loc i ty  i n  the region -M c y < 0 balances t h e  

incoming flow so tha t  i t  i s  zero a t  the wall) .  Zonal Ekman v e l o c i t i e s  i n  the  

northward extension which a re  generated by the geostrophic northward veloci-  

t i e s  a re  exact ly  balanced by geostrophic zonal v e l o c i t i e s  due t o  the  v a r i a t i o n  

i n  i n t e r f a c e  height  with l a t i t u d e  y ( a s  a r e s u l t  of damping). 

Extension of these r e s u l t s  to  the & plane i s  q u i t e  simple and involves 

expanding the  eas tern  boundary layer  width by 6 ( f o r  E << l), t he  f ami l i a r  
F 

- 
b 

skewing of the c i r c u l a t i o n  t o  the west. Damping t o  the  north a l s o  occurs over 

a s c a l e  expanded by 5. If  we th ink of t h e  boundary current  a s  a damped Kelvin 
P 

wave, the  extension of the layer  to  the west can perhaps be thought of a s  

damped nondispersive Rossby waves. 

Combination of v a r i a t i o n  of forcing with both l a t i t u d e  and longitude can 

thus give r i s e  t o  wide eas tern  boundary currents  and narrow western boundary 

currents .  Forcing i n  the  Norwegian-Greenland Sea i s  i r r e g u l a r  but  the genera l  

trend i s  f o r  much higher heat  f lux  to the  north (Bunker and Worthington, 1976) 

and a general  cyclonic wind s t r e s s  pa t t e rn .  The wide northward flowing e a s t e r n  

boundary current  which i s  observed i n  the  southern Norwegian Sea ( ~ e t c a l f ,  

1960) may be the r e s u l t  of l a t i t u d i n a l  v a r i a t i o n  i n  cooling and/or wind s t r e s s  

south of the entrance to the  Norwegian Sea, loca l  northward o r  cyclonic wind 

s t r e s s ,  o r  l o c a l  cooling. We note t h a t  an eas te rn  boundary c u r r e n t  a t  a 

p a r t i c u l a r  l a t i t u d e  can be caused only by 1 )  lo.ca1 forc ing which 



produces a zonal  flow t h a t  must be compensated a t  t he  boundaries  or  2)  va r i a-  

t i o n s  i n  f o r c i n g  t o  t h e  south of t h a t  l a t i t u d e  which produces a damped Kelv in  

wave northward of the v a r i a t i o n .  Therefore ,  v a r i a t i o n s  i n  f a c i n g  o r  f o r c i n g  

i t s e l f  t o  t h e  n o r t h  of t h a t  l a t i t u d e  have no in f luence  on t h e  e a s t e r n  boundary 

cu r r en t  t h e r e .  

V. P o i n t  T rans fe r  on t h e  f and () p lanes  
I 

Bottom.Water formation may occur Locally and s p o r a d i c a l l y  near  t he  c e n t e r  

of cyc lon ic  gyres  where the  s t r a t i f i c a t i o n  i s  weakest due t o  doming of t h e  pre- 

v i o u s l y  formed Bottom Water. It may be p o s s i b l e  t o  model some a spec t s  of t h e  

flow due t o  Bottom Water formation wi th  the  s t eady  model cons idered  s o  f a r .  

For t h i s  purpose, we w i l l  simply assume t h a t  mass and momentum t r a n s f e r  i s  a 

d e l t a  func t ion  and look f o r  s teady  s o l u t i o n .  No account i s  t aken  of wind 

s t r e s s ,  p r econd i t i on ing ,  o r  t h e  sp in  up o r  sp in  down which must undoubtedly 

occur w i th  a time dependent process .  Modi f ica t ion  of the f low by t h e  /I ef -  

f e c t  i s  considered.  I n  r e a l i t y ,  t h e  Greenland gyre may be ve ry  s t r o n g l y  i n f l u-  

enced by topography s i n c e  i t  appears t o  s i t  squa re ly  i n  t h e  Greenland Basin.  

a lrl 
On t h e  f plane ,  t h e  v o r t i c i t y  equa t ion  f o r  a po in t  sou rce  Q = - 

r 
w i t h  

no angular  dependence i s  

which has s o l u t i o n s  K (r)  and I , ( r )  w i t h  the  jump cond i t i on  
0 



Choosing the  exponen t i a l l y  decaying s o l u t i o n  h = AK (r), t h e  i n t e r f a c e  
0 

he ight  and azimuthal and r a d i a l  v e l o c i t i e s  f o r  l a r g e  r a r e  

- This  corresponds t o  outward v e l o c i t y ,  clockwise r o t a t i o n  and cyc lon ic  v o r t i c i t y  

- 
i n  t h e  lower l a y e r  and the  oppos i te  i n  t h e  upper l aye r ,  a s  i l l u s t r a t e d  i n  

Fig.  4 .  Cyclonic v o r t i c i t y  i n  t h e  lower l aye r  a r i s e s  from poin t  v o r t e x  - 
s t r e t c h i n g a t  r = 0. The v o r t i c i t y  decreases  away from the  c e n t e r  a s  t he  

water  p a r c e l s  move outward and a r e  squashed. Clockwise r o t a t i o n  i n  t h e  lower 

l a y e r  c l e a r l y  a r i s e s  f r o m  outward motion of water  p a r c e l s  i n  a counterclock-  

wise  r o t a t i n g  system due to  angular  momentum conserva t ion .  

On the  p plane,  t h e  f l o w  i s  skewed t o  the  west as  expected. Using t h e  

Longuet Higgins transEormation, t h e  i n t e r f a c e  he ight  is  e a s i l y  seen t o  be 

K *  
h = A K ,  ( J  K~ + I' r I e  where. K=. - A .  

2 C 

Fig.  4. I n t e r f a c e  he igh t  h and v e l o c i t i e s  a s s o c i a t e d  
with Q = d(r> on t h e  f plane.  

r 



For l a r g e  r ,  t h i s  becomes 

P ~f I K J  = - i s  s u f f i c i e n t l y  l a r g e ,  we have 
26 

The l o c i  of cons tan t  phase r(1-cos 8 )  a re  parabolas  which open t o  t h e  west 

(Rhines,  1979 l e c t u r e  no t e s )  and mass t r a n s f e r  i s  c l e a r l y  predominantly t o  t h e  

west.  

Thus, on both t he  f  and /3 p lanes ,  a  po in t  t r a n s f e r  of mass and momentum 

genera tes  a  s teady  counterclockwise flow i n  t he  upper l a y e r  and clockwise f low 

i n  the  lower l a y e r  wi th  the  h i g h e s t  v e l o c i t i e s  .neat t he  t r a n s f e r  po in t .  This  

type  of flow i n  the  upper l aye r  accords w i th  observa t ions  of counterc lockwise  

flow i n  the  Greenland Sea (Metcalf ,  1960). I t  i s ,  however, n o t  t o  be f o r g o t t e n  

t h a t  t he  wind s t r e s s  i n  t h i s  reg ion  a l s o  y i e l d s  a  counterclockwise gyre,so per- 

haps the e f f e c t s  r e i n f o r c e  each o t h e r  i n  t he  product ion of  the gyre and i n  

Bottom Water formation. 

V I .  Summary 

Inc lus ion  of a r e p r e s e n t a t i o n  of d i f f u s i o n  i n  t h e  c o n t i n u i t y  equa t ion  

appears  t o  be a  u se fu l  way of damping t h e  c i r c u l a t i o n  r e s u l t i n g  from a s t e a d y  

t r a n s f e r  of mass and momentum from one l a y e r  t o  another .  With t h i s  term in-  

cluded i n  t h e  v o r t i c i t y  equa t ion  i t  i s  p o s s i b l e  t o  meet boundary cond i t i ons  on 

t h e  flow w i t h  boundary l a y e r s  s i n c e  t h e  i n t e r f a c e  displacement  a t  t h e  bound- 

a r i e s  can be an  equi l ib r ium between upwell ing and d i f f u s i o n .  

The usua l  s teady  c i r c u l a t i o n  models on the  p plane  cannot have e a s t e r n  



boundary layers because there is no way to balance relative vorticity acces- 

sion and changes in planetary vorticity on the eastern boundary. It is for 

this reason that boundary layers occur only in the west while the balance else- 

where is between forcing and changes in planetary vorticity (Sverdrup balance), 

in the usual /?J plane models. Inclusion of damping of vortex stretching in 

the form of the diffusion term ~h in the vorticity equation allows the presence 

of western and eastern boundary layers. The western boundary layer still has 

the same structure as before, but the interior (eastern) solution includes dif- 

' is not too small. fusion as well, as long as - 
P 

Application of these results to the actual flow in the Norwegian-Greenland 

Sea may be somewhat tenuous but two features deserve mention. The first is the 

broad northward Norwegian Current which may possibly be modelled as the north- 

ern damped Kelvin wave extension of an eastward density or wind driven current 

in the northern North Atlantic. The second is the counterclockwise circulation 

in the Greenland Basin which may be partially driven by the formation of Bot- 

tom Water at its center and may be roughly modelled by the point transfer of 

Topography and wind may play a very large role in determining the actual 

circulation, which itself probably undergoes large seasonal variation. 
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